PHYS 110B - HW #1

Spring 2004, Solutions by David Pace
Any referenced equations are from Griffiths
Problem statements are paraphrased

[1.] Problem 6.8 from Griffiths

A long cylinder has radius R and a magnetization given by M = ks®¢. Figure 6.13 in
Griffiths represents this cylinder and k is a constant. For points inside and outside the

cylinder find the magnetic field due to M.
Solution

The magnetic field due to M is that resulting from the bound currents that M generates.
These currents are related to the magnetization by,

Jy=VxM Eq.613 Ky=Mx#n  Eq. 6.14 (1)

It should be immediately noted that .J, = 0 outside of the cylinder (i.e. for s > R) because
the magnetization is zero in that region. The bound volume current inside the cylinder
may be found using the expression for curl in cylindrical coordinates. All of the terms
except one are zero.

— — ~

Sy = Vxkso ()
_ %[%(s-kﬁ)}é 3)
= k) 4)
= 3ksz (5)

To find the bound surface current use 2 = 5. The problem describes this as a long cylinder,
which means that end effects may be neglected. This surface current is only defined at the
surface where s = R.

—

K, = kR?$x 3 (6)

= —kR% 7)

since ¢ x § = —2.
All of the current is directed along the axis of the cylinder so this problem exhibits symme-
try. Ampere’s law may be used to find the magnetic field.

7{ B-dl = piglon (8)

where I.,,. includes both free and bound currents. The left side of (8) will always be equal
to B,(2ms) because the magnetic field must always be in the ¢ direction. This problem
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[2.]

reduces to the simple problem of finding the magnetic field a certain distance, s, away
from a current-carrying wire.

For the region inside the cylinder, s < R, the enclosed current is only that due to the bound
volume current density.

Iene = / jl; -dad (9)
0
= / 3ksz - s ds do (10)
0
53
= 3k(27r)§ = 27ks® (11)

Using (8) and (11) the magnetic field inside the cylinder is,
§s<R = ,U/ok32 95 (12)

The total enclosed current for the region outside the cylinder, s > R, considers the bound
volume and bound surface current contributions. The current on the surface is given by
the surface current density times the circumference of the cylinder, /.

R
Lne = / Ty - dd + Il (13)
0
R
= / 3ks - sdsdp+ (—kR*)(27R) (14)
0
R3
= 3k(27r)? — 2nkR? (15)
= 0 (16)

Since the total enclosed current is zero, the magnetic field is also zero.

—

Bssp =10 (17)

Problem 6.9 from Griffiths

A short cylinder of length, L, and radius, a, features a permanent magnetization of M.
This magnetization is parallel to the cylinder axis. Find the bound currents and sketch the
magnetic field of this cylinder for the geometries where L < a, L > a, and L ~ a.

Solution

Being uniform and parallel to the cylinder’s axis means that the magnetization may be
written as,

M = M,2 (18)

where M, is a constant. The bound currents may be found using (1),
J, = VxMz: = 0 (19)
Ky, = M2x§ = Mo (20)
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where 7 = s for the surface current density because the relevant surface is the side of the

cylinder.
@ §
@

Figure 1: L > a: Although not clearly indicated by the drawing, the magnetic field inside
the cylinder is aligned with the magnetization that is shown. This field is uniform inside the
cylinder.

Figure 2: L < a: In this case the cylinder looks like a single loop of current. The field in this
configuration is essentially that of a physical magnetic dipole.

Figure 3: L =~ a: The magnetic field lines outside the cylinder (which are not labelled) once again
match those of a dipole. Inside the cylinder the magnetization is aligned with the magnetic field
(dashed lines).



[3.] Problem 6.12 from Griffiths

An infinitely long cylinder has a magnetization given by, M = ksZ. This cylinder has ra-
dius, R, and £ is a constant while s is the radial coordinate in the cylindrical system. There
is no free current anywhere. Find the magnetic field inside and outside of this cylinder by
the following methods:

(a) Locate all of the bound currents and determine the field from them.
(b) Use the form of Ampere’s Law that includes H to find the field.

Solution

(a) The bound currents may once again be found from (1),

Jy = V xks? = —aﬁ(ks)é = —ko (21)
S

K, = kR:x3§ = kR (22)

where only the non-zero parts of the curl calculation are shown, and s = R for the bound
surface current calculation.

These currents will be used with Ampere’s Law, (8), to determine the magnetic field. Both
bound currents are directed along ¢, and therefore we apply Ampere’s Law as was done
for a solenoid in example 5.9 (p. 227) of Griffiths. Referencing that example, figure 5.37
illustrates how with currents directed solely along ¢ there will be no magnetic field outside
the cylinder. Outside of the cylinder then,

—

Bout =0 (23)

This can also be confirmed by reviewing the solution to problem 5.15 from Griffiths in 110A
last quarter. As figure 4 shows, the Amperian loop taken to determine the magnetic field
inside the cylinder extends to the region outside the cylinder.
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Figure 4: Diagram illustrating the Amperian loop of problem 6.12.



Inside the cylinder we need to determine the total enclosed current. Ampere’s Law, (8),
simplifies in this case,

74 B-dl = jiolene (24)
BL = jiglene (25)

The enclosed current includes the volume and surface contributions. Note that dl points
along the 2 direction. Since the bound current densities are both constant there will not be
any integrals to determine the total current.

I, = J-area+ K -length (26)
= Jy(R—s)L+ K,L (27)
= —kL(R—s)+kRL = ksL (28)

Using (28) and (25) an expression for the magnetic field inside the cylinder can be found,
By = oks? (29)
(b) The version of Ampere’s Law required for this part is,

]{ H-di=1I;,, (30)

The problem makes a point to state that I; = 0. This means that H = 0 and we should turn
to the relation between H , E, and M.

H B-M  Eq 6.18 (31)

1
[ho
Since H = 0 we immediately know,

B = pu,M (32)
where M is given in the problem.

The magnetic fields inside and outside the cylinder are,

—

Bout - O (33)

gin = Mok32 (34)

just as found in part (a).



[4.] Problem 6.15 from Griffiths

Find the field inside the uniformly magnetized sphere of example 6.1 (p. 264). Take the
following as a hint: There is no free current in this sphere, therefore, the H field may be
written as, H = —VIW where W is a scalar potential. By way of equation 6.23 it is also
known that, V2W = V - M. Finally, V - M = 0 everywhere except at the surface of the
sphere.

Solution

This is a problem concerning Laplace’s equation, VIV = 0. It is known that the solutions to
Laplace’s equation in spherical geometry with azimuthal symmetry (i.e. no ¢ dependence)
are of the form,

o0

2= Z (Aﬂ“ -+ %) Py(cos ) (35)
1

where = is any function satisfying V?Z = 0, the A’s and B’s are arbitrary constants, and
the P, terms are the Legendre polynomials.

Inside the sphere there cannot be a 1/ term because that would represent an infinite 1/ at
r = 0. Outside the sphere there can be no r term because that would represent an infinite W
at r — oo. Therefore the expressions for W inside and outside the sphere may be partially
simplified and written as,

Wi = ZAlrlPl(cos 0) (36)

Wout = Z Py(cosb) (37)

l

This scalar potential is a continuous function (treat it like V' in the previous boundary value
problem of electrostatics), therefore we have our first boundary condition at the surface of
the sphere,

Win(r=R) = Wyu(r=R) (38)

oo [e.e] B
Z AR'P(cosf) = Z Rl—frlPZ(cos 0) (39)
1 I

The orthogonality of the Legendre polynomials means that we can equate each [ term sep-
arately.
By

I _
AR = RI+1

(40)

The problem only asks for the field inside the sphere, but the field inside must still adhere
to boundary conditions that relate to the field outside. In (40) we relate the A; terms (which
we want to solve) to the B; terms that we do not care about. After finding another relation
between these variables we can neglect the B; terms and finish the problem.



There is another condition at the sphere’s surface that will provide the second equation we
need to solve for the A; terms.

HJ— Hli;low = (M;I_)ove Mbtlow) Eq 6.24 (41)

above
where the above and below subscripts are equivalent to outside and inside respectively.

In this spherical geometry the perpendicular components at » = R are those along the
7 direction. Beginning with the right side of (41), Muppe = Mo = 0 since there is no
magnetization outside of the sphere. This means that the perpendicular component of M
must also be zero.

From example 6.1 we may write the magnetization of the sphere as M = M,z, where M, is
a constant. Using 2 = cos 7 — sin ¢ é, the 7 component of Mln is,

M- = M, cosf (42)
and this is the right side of (41).

For the left side of (41) we keep only the # component of the H = —VIV expression. Tak-
ing the expression for the gradient in spherical coordinates we get (recalling that there is
already a negative sign in the expression),

o0

(9 l+ 1 B [+ 1)B
HoLut = _5 out = _Z Z.Pl COSQ) = Z%PZ(COSQ) (43)
1
H, = —agwm = —ZlAlrl’lpl(cos 0) = —ZlAlRlilpl(COS(g) (44)
-

where the last step in each line incorporated the fact that r = R.
Taking all of the information just calculated allows us to rewrite (41) as,

o0

(I+1)B

Fit2 ~————P(cosb) — ( ZlAlRl 'P(cos 9)) = M, cosf (45)

l

The right side includes a cos 6 term, which is equivalent to P (cos ). As such, the left side
of the above expression must have only [ = 1 terms. All other values of A; and B; are zero.
Rewriting (45),

2)B
%Pl(cose)%—AlRoPl(cose) = M,P(cosb) (46)
2B
R; + A = M, (47)
From (40) we have,
By = R*A, (48)

and this may be put into (47) as follows,

2
ﬁR A1+A1 -

=

(49)

=

A = (50)



The scalar potential inside the sphere is,

M
Wi, = Ayrcos = —rcosb

Now we can solve for H inside the sphere,

B 3} & M, 19 M,
v or 3 ST 50s
M, A
= —?(Cosef—sine 0)
M,

Al

I
/\
N>
v

= _oMo
ghHoto

2 -
— Zu,M
3”

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

where (58) is the solution given as Griffiths equation 6.16. The method used here is just

another way to solve the problem.

[5.] Modified Version of Problem 6.16 in Griffiths

A coaxial cable consists of a conducting wire of radius a surrounded by a conducting cylin-
drical tube of radius c. A current I flows down the wire and returns along the outer con-
ductor (see figure 6.24 in Griffiths), in both cases the current is distributed uniformly. Two
different magnetic materials exist in the space between the two conductors of the cable: the
tirst, with susceptibility X, 1, fills the space from a < r < b and the second, with suscepti-

bility x, o, fills the space from b < r < c.

(a) Find the magnetic field in the region between the two conductors.

(b) Calculate the magnetization and find the bound currents; make sure these are consistent

with the answer to part (a).

Solution

Begin by noting that the problem writes the radial coordinate in terms of r, while Griffiths
uses s. This solution will use s so that the method better matches that given in the text and

used on other problems.

(a) Let the current in the center wire be along the Z direction. The current in the outer shell
must then be along the —Z direction, but this will not matter since we only need to solve
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for the fields inside the coaxial cable. The free currents are given in the problem and they
exhibit cylindrical symmetry. We can use (30) to solve for H and then find B.

H¢(27TS) = If (59)
Ao = =& (60)
21s

where ﬁm is the field in the region between the conductors. This does not depend on the
materials inside the coaxial cable because H is determined entirely from free currents.

There is a relation between B and H fields in linear media (it is safe to assume that all
magnetic materials studied in this course will be linear),

B =p,(1+ymH  Egs. 631and6.32 (61)

This shows how the materials affect the field. There is a value of B for the region occupied
by each material. Calling these regions 1 and 2 for containing materials with x,, ; and x;,2
respectively,

_ I -

Bi = po(1+xm1)z— 2
1= Ho(l A Xma)5—¢ (62)
" I -

B2 — Mo(l +Xm 2)2_§Z§ (63)

s
(b) In linear media the magnetization is given by,

M =x,H Eq. 629 (64)

The magnetization will therefore vary according to which material we are considering.
This is similar to the manner in which the polarization in a region of space depends on the
dielectric properties of any materials there. The magnetization in each region is,

. I -
M, = Xm,12—¢ (65)
TS
. I -
My, = Xm,22—¢ (66)
TS

Once again, the bound current densities are given by (1). Beginning with the volume bound
current densities,

7 = Xmal - 10 Xm,1 L A
— ) — —_ - . ? — 7
Jo VX 27s ¢ s {05 (S 27s : 0 (67)
. ol - 1 o] .
T o= wxdmely _ LIO (0 xmal N (68)
’ 27s s | 0s 27s

There is no bound volume current.



There are three surfaces at which to determine bound surface current density, s = a, s =
b, and s = c. This is where the surfaces of the magnetic materials may be found. For
s = a only the magnetization of material 1 matters, and the normal vector to the surface is
directed along —35,

> Xm 1I 7 ~ Xm 1] A
) ) t
K, = e o x (=8 = D ats=a (69)

At s = b there are two separate bound surface current densities to consider. Each material
makes a contribution and the total density on that surface is their sum. The direction of the
normal vector is reversed for each region.

7 _ Xm,ll 2 ~ o _Xm,lIA

Kyn = S px§ = onh 2 (70)
> o Xm,?l n 2 o Xm,2IA

Koy = 2mh ox(-5) = 2mh N (71)

The total surface current density at s = b s,

— I ~
Kb = _(Xm,Z - Xm,l)z ats =10 (72)
27mh

At s = c the same method is employed,

> m]A ~ mIA
K, = X’2¢Xs = _Xm27, ats=c¢ (73)

2me 2T

All of the bound currents are directed along the 2 axis (positive or negative). Ampere’s
Law in the form of (8) can be used to find B and make sure it agrees with the value given
in part (a). Cylindrical symmetry is maintained, so we have,

By(2ms) = polenc (74)

where I, is the total enclosed current (bound and free). The free current is a simple
constant that is given. The bound current is found from the bound surface current density.
This density is constant, so the total bound current on any surface is found by multiplying
the current density by the length across the surface. This length is the circumference in our
cylindrically symmetric system.

In region 1 our Amperian loop encloses the free current and the current on the surface at
s =a,

I
Le = I+K,L = 1+XQT’;(2M) = T4yeul = (A+xw) (75

The magnetic field in region 1 is,

I
Bl = Mo(l + Xm,l)_¢ (76)
s
which agrees with the solution in part (a).
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[6.]

Region 2 has a different value for the total enclosed current,

I
Ienc - If + Is:a + Is:b = 1 + Xm,lI + (Xm,2 - Xm,l)% - 2mh (77)

= ] + Xm,ll + Xm,QI - Xm,lj - (1 + Xm,Q)] (78)

The magnetic field in region 2 is,

I -
o 1 m a_
o1+ Xom2) 5 —0 (79)

which agrees with the solution in part (a).

In this problem the magnetic materials can increase or decrease the field. In linear materials
they do not change the direction of the field. Taking this into account it is sensible that the
magnetic field inside the cable retains the 1/s dependence that we normally see in the field
due to a current along a wire.

Problem 6.17 from Griffiths

A current I flows in a wire of radius a. The wire has susceptibility x,,. For a uniform cur-
rent distribution find the magnetic field a distance s away from the wire’s axis. Determine
all of the bound currents and the net bound current in the wire.

Solution

One way to find the magnetic field in all space is to use Ampere’s Law for H, which is
given by (30). This will require us to determine the enclosed current for Amperian loops
that may be inside or outside the wire. Since the total free current, /, is said to be uniform
we may rewrite it as a free volume current density,

. I
o= —z (80)

ma?

where 7a? is the cross sectional area of the wire and I have set the direction to be along the

zZ.

Inside the wire where s < a, we have,

I
Hy(2ms) = @(7&92) (81)
— sl -

The relation between B and H in a linear magnetic material is given by (61), which we now
use to solve for the magnetic field inside the wire,

sl -

Bn = p(1+ Xim) 530 (83)

Outside of the wire, where s > a, our Amperian loop encloses all of the free current.

Hy(2ns) = I (84)
FIout = L& (85)
2rs
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Again we use (61) to solve for the magnetic field in this region where H is known,

— [ A
Bout = ,Uvo(l_l'Xm,out)z_gb (86)
s
oI n
_ /2‘ é (87)
s

since the susceptibility of vacuum, X, out, is zero. This is the magnetic field due to a current
carrying wire (outside the wire), which is exactly what the problem gives.

To find the bound currents we turn to (1). Begin with the bound surface current density
since that exists only at s = a. Recalling that the magnetization in the wire is given by (64),

— — m_[/\
By = xwHnxs = -—2mz (88)
2ma

The presence of linear media allow for the determination of bound volume current densi-
ties from,

Jy = xmJs Eq 633 (89)
Inside the wire then,
T Xm]
b = — (90)
Ta

This is the short method for finding .J, but the original method given in (1) will also work.

— — — — mI ~
Jo = VxxmHa = Vx2n2g (91)
2ma?
1[0 Xmls R
- |2 (g Am2 2
s {83 (S 27m2)] : ®2)
Xm ! .
— )
S raZs Sz (93)
ml
— X_2§ (94)
Ta

The total bound current may now be calculated. Both the surface and volume bound cur-
rent densities are constant, so the total current is found from,

Iyit = Jp-area+ K, -length (95)
_ Xl oy (X _
= (ma”) + ( 27ra) (2ra) = 0 (96)

The net bound current is zero. Since these currents are limited to the material (i.e. they
are bound), this result should be expected. In order for there to be a net bound current, the
bound currents would have to be able to leave the object.
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[7.] Problem 6.18 from Griffiths

A sphere is placed in a uniform background magnetic field. The sphere is made of linear
magnetic material and the background field is B,. Find the magnetic field inside the sphere.
(Prof. Carter Hint: use the method of problem 6.15, referring to example 4.7)

Solution

Professor Carter solved this problem using an iterative method in lecture (April 9, 2004).
Here we will follow the hint and solve this as a separation of variables problem.

There is no free current in the sphere; we know this because free current would only exist
in the sphere if it was purposely put there, and then the problem statement would describe
it. Without free current the curl of H is zero and have (just as problem 6.15 describes),

—

H = —-VW (97)

VW = 0 Inside and outside the sphere (98)

where W is again a scalar potential.

The plan is to solve for W inside the sphere, use that value to solve for ﬁm, and then use
H,, to solve for B,,. Inside the sphere we have,

Wi, = ZA[’I’ZPI(COSG) (99)
]

which is the given solution for Laplace’s equation in spherically symmetric systems.

Before we can write the expression for W outside the sphere we have to determine the
value of W as r — oo. The background field is B, = B,Z. The scalar potential is in terms of
H and leads to,

W(r— o) = —H,rcosf = —%TCOSQ (100)
o

where this makes use of B = p,H outside the sphere.
The expression for the potential outside of the sphere contains this term and the general
sum,

Wt = ——7“ cos 6 + Z —Pl cos ) (101)

i+l

where (] is an unknown constant.
At the surface of the sphere, W;,,(r = R) = Wou(r = R).

Z AR'P(cost) = —%R cos 6 + Z %Pl(cos 6) (102)
Ho .

Noting that cos § = P;(cos ), (102) gives two separate expressions,

B,  C
AR = ——R R; forl =1 (103)

AR = R?il forl # 1 (104)
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In the equations above there are (essentially) two unknowns and one equation. We can
use another boundary condition at the surface of the sphere to get another equation. In
problem 6.15 we used (41), but in this problem we don’t know anything about the mag-
netization inside the sphere. We do, however, have information about the magnetic field
across this boundary and we may consider,

Bapove — Bptow = 0 Eq.6.26 (105)
Solving for B ,., which is evaluated at r = R,
0
B(iz?ove = Hj&t = _NOEWout (106)
= ——COSQ+Z Rl+2 Pl (cos0) (107)
o(l+1)
— B,Pi(cost) + Z a RZZ ) b (cos ) (108)

where the perpendicular components are the 7 components of the gradient.

To find Bj,,,, we follow a similar method, but in this case B = uH, where 11 = f1,(1 + xm)-
Since the sphere is made of linear magnetic material we know that its susceptibility may

be written as x,.

0
Blﬁ;low = /’LHZJT_L = _,UEWzn (109)
= —ZulAlRl_lPl(COSG) (110)
1

The expressions (110) and (108) are equal according to the boundary condition given in
(105).

21,C'

B, - *;%3 L~ 1+ y)Ar fori=1 (111)
[+1
—% = AR forl+#1 (112)
Solving for the [ # 1 terms first, insert (104) into (112),
&

l+1
. (R_;_2) (AlR21+1) — lAllel (113)
—(I+1)R* = [RT'R™? (114)
—(+1R*™! = R (115)
—1—-1 =1 (116)

1

[ = . (117)
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so the [ # 1 terms only exist for the | = —1/2 value. Our sum for the potential requires that
the I’s be positive whole numbers, therefore, the only terms that exist in the final solution
are the [ = 1 terms.

Solve for the [ = 1 terms by inserting (111) into (103),
B, 1 R3

AR = —R+ — |——(po(1 + xm)A1 + B, 118
1 L g | gy (el xm) A+ Bo) (118)
A = =B L g A+ B (119)
1 — Lo 2Mo Ho Xm 1 o
o 1 m 3BO
A, <1 n M) _ (120)
210 20,0
3B, 2/t
A = — 121
' 2110 <2uo + po(1+ Xm)) (12D
B 1
4 = 35 ( ) (122)
o \ 3+ Xm
For the sake of eventually matching the solution presented in lecture, I will rewrite A, as,
B 1
A =-22 123
- () (123)
Now that we have A; we know the value of IV inside the sphere,
B 1
Win = —— < m) rcos 6 (124)
o \ 1+ %
The value of ﬁm is,
— — a 1 a N
H. - = | =W+ =T 12
2 ! cos OF + 1(7’)( sin 6)0 (126)
= — |- - — Sl
fo \ 1+ % r
_ B ( 1 ) 5 (127)
o \ 1+ %3
Finally, the magnetic field inside the sphere is,
— — BO 1
B, = H;, = 1 = 2 12
in pHgy, fo(1 + Xm) . (1+XTT”>Z (128)
L+ Xm
— B 12
a0 (129)

which agrees with the iterative method of lecture.
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